Abstract. The Kirillov, Kostant, Souriau, et al. theorem on homogeneous Hamiltonian G-manifolds is generalized to (closed) Hamiltonian G-manifolds with isotropy groups of (fixed rank) maximal rank.
Principal orbit type
If M is a (locally) smooth G-manifold such that M, -M/G is connected and G is compact, there is [3] an isotropy subgroup H such that every isotropy subgroup contains a conjugate of H. The conjugacy class (//) is called the principal orbit type of M.
For any isotropy subgroup K of G, let M¡K) = {x £ M\(GX) = (K)}. Then M(K) is a G-invariant submanifold. Let MK = {x £ M\Gx = K} ; i.e., Mk = MiK) n MK. MK and MK are A(A^)-invariant submanifolds, N(K) the normalizer of K in G.
Remark. Since K acts trivially on Mk, the A(.rv)-manifolds MK and Mk are (Ñ(K) = A(/q//t>manifolds. Also, MK is a free #(tf)-manifold.
We refer to [4] for the next two results. 2. The momentum map and orbit types Lemma 2.0 [5] . If G acts as symplectomorphisms on (P, to), then we may give P an invariant Riemannian metric p and an almost complex structure j such that co(X, Y) = p(jX, Y).
Corollary 2.1. j is G-invariant; i.e., g*xjg* = j, g £ G. Thus PG is an almost complex submanifold and hence a symplectic submanifold; i.e., co\PG is nondegenerate.
Corollary 2.1 implies Proposition 2.2. Let (P, to, J) be a Hamiltonian G-manifold. Let K be any isotropy subgroup of G on P. (PK, co\PK) is an Ñ(K) symplectic manifold. Since J is equivariant, J maps PK to q*k , and JK -J\PK is Ñ(K) invariant. Hence A#ix) = 0 and J\Gx is a covering map. But then Gx has the same rank as Ga and hence is of maximum rank.
Remark. The above proof that J is a covering map on each orbit of a homogeneous Hamiltonian G-bundle does not require that G is compact. Addendum to Theorem 3.0. If P is compact, (a) may be replaced by: (a') All isotropy subgroups of P have the same rank.
Proof. If all isotropy subgroups have the same rank and x £ Ph , then Ñ(H)X = (Gx n N(H))/H is a compact Lie group of rank zero; i.e., a finite group. Thus (Ph , co, Jh) is a compact Hamiltonian Ä(//)-manifold with finite isotropy subgroups. As proved in Lemma 3.1 this implies N(H) is finite, and hence the equivalence of (a') with (a) through (e).
Lemma 3.1. Let (P, co, J) be a compact Hamiltonian G-manifold with finite isotropy subgroups. Then G is finite. Proof. J isa submersion since dxJ(jA#(x))(A) = cox(jA#, A#) = -px(A#, A#) 0 and dim j(TxGx) = dim0*. Thus J(P) is open. Since P is compact, J(P) is also closed, and hence J(P) = 0*. But this implies 0* is compact, and hence 0* = (0) ; i.e., G is finite.
The result below shows that Theorem 3.0 completely characterizes homogeneous Hamiltonian G-bundles. Theorem 3.2. Let K be an isotropy subgroup of Ad(G) on 0*, and let (Q, co0) be a (K = K/Ko)-symplectic manifold. Then P = GxKQ = GxKQ has a symplectic structure co such that the projection J : P -► G/K is a G-invariant momentum map. Proof. The projection map II: GxQ-> G x K Q is a covering map. Let v be the Kirillov symplectic structure on G/K, and let co = (q*v , coo), q : G -> G/K. Then (GxQ, co) isa (G x ^)-symplectic manifold. Hence co pushes down to a G-symplectic structure co on P. Let J: G xK Q -> G/K be the projection.
Then if A £ 0, X £ TXP, and U,(X) = X, (dxJ)(X)(A) = viJ.iX), Jt(A*)) = &(X, A#) = co(X, A#), since if X = (Xx, X2) £ T(G x Q), then A# = (A#, 0) and co0(X2, 0) = 0.
Hence J is a momentum map for (P, co) and is evidently equivariant.
